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Some Indiations on the Analyti Expression of Non-Radiating Cur-
rents in 2D TM Imaging Problems
Paolo Roa*, Massimo Donelli*, Gian Luigi Gragnani**, and Andrea Massa*
Abstrat
In this ontribution, an analytial proedure for building the non-radiating part of the equivalent ur-
rent in inverse sattering problems is presented. The mathematial formulation, onerned with a 2D
onguration and TM illumination, is provided and disussed.
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2
1 Introdution
In the framework of inverse sattering tehniques, several tehniques onsider the introdution of an equivalent
urrent density dened into the dieletri domain. Aordingly, the problem is formulated in terms of an
inverse soure one through the introdution of an equivalent urrent in order to linearize the original inverse
sattering problem [1℄[2℄[3℄[4℄. Unfortunately, a typial drawbak of inverse soure problems relies in their
non-uniqueness due to the presene of non-radiating omponents of the equivalent urrents. As far as the
presene of non-radiating urrents in a volume formulation is onerned, the issue has been disussed in [5℄
and an approah is presented for the reonstrution of the non-radiating part of the equivalent volumetri
soure. Moreover, in [6℄, a wide review and some representative results on the presene of non-radiating
urrents as well as about the relationship between non-radiating soures and sattering objets that ould
be invisible under partiular illumination onditions are reported. As a matter of fat, although it has been
proved in [7℄ that a perfetly invisible objet does not exist, on the other hand, it has been also demonstrated
that a sattering objet an be nonsattering at partiular diretions of illumination [8℄, thus the equivalent
inverse soure problem inlude non-radiating omponents (i.e. the null spae of the operator is not empty).
In the following, a preliminary proedure for building a non-radiating urrent is reported.
2 Mathematial Formulation
In the framework of inverse soure problems, non-radiating urrents, QNR(r¯), are urrents that produe
elds that are identially zero outside their soure volume [9℄, hene they satisfy the following integral
relationship
∫ ∫ ∫
V
QNR(r¯
′)G0(|r¯ − r¯
′|)dr¯′ ≡ 0 r¯′ ∈ V, r¯ /∈ V (1)
where the G0(|r¯ − r¯
′|) is the free-spae Green's funtion. In the following, let us onsider a urrent Q(r¯)
whose support is a two dimensional domain D. As far as 2D problems with TM illuminations are onerned,
Q(r¯) is non radiating [Q(r¯) = QNR(r¯)℄ if
f(ρ¯) =
∫
D
J0(k0|ρ¯− ρ¯
′|)Q(ρ¯′)dρ¯′ ≡ 0 , ∀ ρ¯ (2)
J0(x) being the (ylindrial) Bessel funtion of the rst kind and zero-th order and |ρ¯| = ρ =
√
x2 + y2.
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2.1 Building Non-Radiating Currents
It is well known that a set of non radiating urrents an be dened for a spherial domain in 3D ase [6℄[10℄.
Conerning the 2D TM ase, let us onsider a urrent whose support is a irular domain of radius a, and
having the following expression:
Q(ρ) = Q(ρ, ϑ) = [α1Jn(l1ρ/a) + α2Jn(l2ρ/a)] e
jnϑ
(3)
where l1 and l2 are two dierent zeroes of Jn(x) and α1 and α2 are onstants. In order to analyze the
non-radiating ondition (2), let us ompute f(ρ¯)
f(ρ¯) =
∫
D
J0(k0|ρ¯− ρ¯
′|)Q(ρ¯′)dρ¯′ D = {ρ¯ : ρ ≤ a} (4)
Towards this end, let us onsider that
J0(k0|ρ¯− ρ¯
′|) =
+∞∑
µ=−∞
Jµ(kρ
′)Jµ(kρ)e
jµϑe−jµϑ
′
(5)
and sine dρ¯′ = ρ′dρ′dϑ′, by substituting (5) in (4), we get
∫
ρ6a
J0(k0|ρ¯− ρ¯
′|)Q(ρ¯′)dρ¯′ =
=
∫ 2pi
0
∫ a
0
[∑+∞
µ=−∞ Jµ(kρ
′)Jµ(kρ)e
jµϑe−jµϑ
′
]
[α1Jn(l1ρ
′/a) + α2Jn(l2ρ
′/a)] ejnϑ
′
ρ′dρ′dϑ′ =
=
∫ 2pi
0
∫ a
0 Jn(kρ
′)Jn(kρ)e
jµϑ [α1Jn(l1ρ
′/a) + α2Jn(l2ρ
′/a)] ρ′dρ′dϑ′ =
= 2piJn(kρ)e
jµϑ
[
α1
∫ a
0
Jn(kρ
′)Jn(l1ρ
′/a)ρ′dρ′ + α2
∫ a
0
Jn(kρ
′)Jn(l2ρ
′/a)ρ′dρ′
]
(6)
Moreover, let us reall that
∫
Jµ(b1x)Jµ(b2x)xdx =
x
b21 − b
2
2
[b1Jµ+1(b1x)Jµ(b2x)− b2Jµ(b1x)Jµ+1(b2x)] + C (7)
hene
α1
∫ a
0
Jn(kρ
′)Jn(l1ρ
′/a)ρ′dρ′ = −α1
a2
a2k2 − l21
l1Jn(ka)Jn+1(l1) (8)
and
α2
∫ a
0
Jn(kρ
′)Jn(l2ρ
′/a)ρ′dρ′ = −α2
a2
a2k2 − l22
l2Jn(ka)Jn+1(l2) . (9)
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By rearranging all terms, it turns out that
f(ρ¯) = −2piJn(kρ)e
jµϑ
[
α1
a2
a2k2 − l21
l1Jn(ka)Jn+1(l1) + α2
a2
a2k2 − l22
l2Jn(ka)Jn+1(l2)
]
; (10)
Aording to (2), Q(ρ¯) = QNR(ρ¯) if f(ρ¯) = 0, therefore sine the following ondition
α2 = −α1
a2k2 − l22
a2k2 − l21
l1
l2
Jn+1(l1)
Jn+1(l2)
(11)
nulls (10), then a non-radiating urrent is obtained by substituting (11) in (3), thus obtaining the following
expression
QNR(ρ) = α1
[
Jn(l1ρ/a)−
a2k2 − l22
a2k2 − l21
l1
l2
Jn+1(l1)
Jn+1(l2)
Jn(l2ρ/a)
]
ejnϑ. (12)
2.2 Testing the Non-Radiating Condition
Let us onsider a 2D TM problem where a ylindrial satterer of irular ross-setion of radius a lies in
free-spae. Our aim is to verify whether (1) is satised when onsidering QNR(ρ) dened in (12).
In suh a senario, the integral in (1) turns out to be equal to
∫ ∫
ρ6a
H
(2)
0 (k0|ρ¯− ρ¯
′|)Q(ρ¯′)dρ¯′ (13)
sine G0(|ρ¯− ρ¯
′|) = H
(2)
0 (k0 |ρ¯− ρ¯
′|), H
(2)
0 being the Hankel funtion of the seond kind of order zero. Thus,
we should verify that ∫ ∫
ρ6a
H
(2)
0 (k0|ρ¯− ρ¯
′|)Q(ρ¯′)dρ¯′ =


0 ρ > a
6= 0 ρ 6 a
(14)
with Q(ρ¯) = QNR(ρ¯) = α1
[
Jn(l1ρ/a)−
a2k2−l22
a2k2−l2
1
l1
l2
Jn+1(l1)
Jn+1(l2)
Jn(l2ρ/a)
]
ejnϑ;
Towards this end, let us onsider the following relationships
H
(2)
0 (k |ρ¯− ρ¯
′|) =
+∞∑
µ=−∞
Jµ(kρ
′)H(2)µ (kρ)e
jµ(ϑ−ϑ′) ρ > ρ′ (15)
H
(2)
0 (k |ρ¯− ρ¯
′|) =
+∞∑
µ=−∞
Jµ(kρ)H
(2)
µ (kρ
′)ejµ(ϑ−ϑ
′) ρ 6 ρ′ (16)
and let us rst substitute (15) and then (16) into equation (14).
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In partiular, when ρ > a
∫ ∫
ρ6a
[
+∞∑
µ=−∞
Jµ(kρ
′)H(2)µ (kρ)e
jµ(ϑ−ϑ′)
]
α1
[
Jn(l1ρ
′/a)−
a2k2 − l22
a2k2 − l21
l1
l2
Jn+1(l1)
Jn+1(l2)
Jn(l2ρ
′/a)
]
ejnϑ
′
ρ′dρ′dϑ′ =
=
∫ 2pi
0
∫ a
0
[
Jn(kρ
′)H(2)n (kρ)e
jnϑ
]
α1
[
Jn(l1ρ
′/a)−
a2k2 − l22
a2k2 − l21
l1
l2
Jn+1(l1)
Jn+1(l2)
Jn(l2ρ
′/a)
]
ρ′dρ′dϑ′ =
= H(2)n (kρ)e
jnϑ
∫ 2pi
0
dϑ′
∫ a
0
Jn(kρ
′)α1
[
Jn(l1ρ
′/a)−
a2k2 − l22
a2k2 − l21
l1
l2
Jn+1(l1)
Jn+1(l2)
Jn(l2ρ
′/a)
]
ρ′dρ′ =
= 2piH(2)n (kρ)e
jnϑ
∫ a
0
Jn(kρ
′)α1
[
Jn(l1ρ
′/a)−
a2k2 − l22
a2k2 − l21
l1
l2
Jn+1(l1)
Jn+1(l2)
Jn(l2ρ
′/a)
]
ρ′dρ′ =
= 2piH(2)n (kρ)e
jnϑ
[
α1
∫ a
0
Jn(kρ
′)Jn(l1ρ
′/a)ρ′dρ′ −
a2k2 − l22
a2k2 − l21
l1
l2
Jn+1(l1)
Jn+1(l2)
∫ a
0
Jn(kρ
′)Jn(l2ρ
′/a)ρ′dρ′
]
= 0
(17)
Sine the two integrals within the square braket in the last row of (17) are the same of Eq. (6), where
their sum has been made null by imposing ondition (11), it has been proved that the eld radiated by a
non-radiating urrent is null outside its support.
Otherwise, the eld inside the support of the urrent (ρ ≤ a) is given by
∫ ∫
ρ6a
[
+∞∑
µ=−∞
Jµ(kρ)H
(2)
µ (kρ
′)ejµ(ϑ−ϑ
′)
]
α1
[
Jn(l1ρ
′/a)−
a2k2 − l22
a2k2 − l21
l1
l2
Jn+1(l1)
Jn+1(l2)
Jn(l2ρ
′/a)
]
ejnϑ
′
ρ′dρ′dϑ′ =
=
∫ 2pi
0
∫ a
0
[
Jn(kρ)H
(2)
n (kρ
′)ejnϑ
]
α1
[
Jn(l1ρ
′/a)−
a2k2 − l22
a2k2 − l21
l1
l2
Jn+1(l1)
Jn+1(l2)
Jn(l2ρ
′/a)
]
ρ′dρ′dϑ′ =
= 2piJn(kρ)e
jnϑ
∫ a
0
H(2)n (kρ
′)α1
[
Jn(l1ρ
′/a)−
a2k2 − l22
a2k2 − l21
l1
l2
Jn+1(l1)
Jn+1(l2)
Jn(l2ρ
′/a)
]
ρ′dρ′ (18)
Sine
H(2)n (x) = Jn(x) − jYn(x) (19)
where Jn(x) and Yn(x) are the Bessel funtions of the rst and seond kind of order n, respetively, by
substituting (19) into (18) it results that
2piJn(kρ)e
jnϑ
∫ a
0
[Jn(kρ
′)− jYn(kρ
′)]α1
[
Jn(l1ρ
′/a)−
a2k2 − l22
a2k2 − l21
l1
l2
Jn+1(l1)
Jn+1(l2)
Jn(l2ρ
′/a)
]
ρ′dρ′ =
−j2piJn(kρ)e
jnϑ
∫ a
0
Yn(kρ
′)α1
[
Jn(l1ρ
′/a)−
a2k2 − l22
a2k2 − l21
l1
l2
Jn+1(l1)
Jn+1(l2)
Jn(l2ρ
′/a)
]
ρ′dρ′ 6= 0
where for the real part the same onlusions as obtained in (17) holds true, while the imaginary part is not
negligible and generally it is dierent to zero, thus demonstrating that the sattered eld inside the support
of the urrent is not neessarily null. Hene a urrent dened as in (12) in a 2D TM problem does not radiate
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outside its support, but it provides a eld that is not null inside the soure domain. This is a non-radiating
urrent.
3 Conlusions
In this paper, a proedure for indiating the non-radiating part of the equivalent urrent in inverse sattering
problems when formulated in terms of an inverse soure and onerned with a 2D onguration and TM
illumination, is presented.
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